This article expands for spinor fields the recently developed Dynamical Bridge formalism which relates a linear dynamics in a curved space to a nonlinear dynamics in Minkowski space. Astonishingly, this leads to a new geometrical mechanism to generate a chiral symmetry breaking without mass, providing an alternative explanation for the undetected right-handed neutrinos. We consider a spinor field obeying the Dirac equation in an effective curved space constructed by its own currents. This way, both chiralities of the spinor field satisfy the same dynamics in the curved space. Subsequently, the dynamical equation is re-expressed in terms of the flat Minkowski space and then each chiral component behaves differently. The left-handed part of the spinor field satisfies the Dirac equation while the right-handed part is trapped by a Nambu-Jona-Lasinio (NJL) type potential.
I. INTRODUCTION
This work is related to the so-called Dynamical Bridge formalism. The latter states that fundamental fields can satisfy equivalent dynamical equations in different background geometries. Namely, a given nonlinearity of the field in the flat space can be "hidden" in the curvature of an effective curved space. This was shown to be true for spin 0 and 1 fields [1] [2] [3] [4] [5] and can also be applied in the kinematical context [6, 7] . Here we demonstrate that such procedure also holds for spinor fields. In particular, we show that the self-interacting term of the Nambu-Jona-Lasinio (NJL) equation-which appears commonly as a phenomenological regime in QCD based on chiral symmetry breaking (see historical details in Ref. [8] )-can be derived from the minimal coupling of a Dirac field with an effective curved geometry. Therefore, this Dynamical Bridge goes together with the chiral symmetry breaking even for massless spinor fields if the coupling constant is sufficiently large. We thus have a new and geometrical explanation for the non observation of the right-handed neutrinos.
In our proposal, we consider a massless spinor field Ψ satisfying the Dirac equation iγ µ∇ µ Ψ = 0 in a curved background without any gravitational character. This effective curved geometry represents the modification of the flat space caused only by the field Ψ. The latter modifies the space metric througĥ
where the arbitrary function α depends on the scalars A ≡ΨΨ and B ≡ iΨγ 5 Ψ. The vector H µ is given in terms of the vector J µ and axial I µ currents. Afterwards we rewrite this dynamics in Minkowski space (equipped with the metric η µν ). This leads to the two following equations
where s depends on α and its derivatives, 
II. MATHEMATICAL COMPENDIUM FOR THE DYNAMICAL BRIDGE
In order to properly construct the Dynamical Bridge for spinor fields let us describe some mathematical ingredients. It is well known that any metric tensorĝ µν can always be decomposed intô
where g µν is some background metric and Σ µν is a rank two tensor field. Under this form the inverse metricĝ µν should be expressed by an infinite series. However, the metric tensorĝ µν admits an inverse with the same binomial form if we impose the condition Σ µν Σ νλ = p δ µ λ + q Σ µ λ , where p and q are arbitrary functions of the coordinates. Throughout the text, we set the background metric g µν to be the Minkowski one η µν in arbitrary coordinate systems. Though this might appear restrictive, it can be generalized to arbitrary curved backgrounds [11] .
With a generic spinor field Ψ we construct two Hermitian scalars A ≡ΨΨ and B ≡ iΨγ 5 Ψ. We also define the associated vector and axial currents, respectively, as J µ ≡Ψγ µ Ψ and I µ ≡Ψγ µ γ 5 Ψ. The γ µ 's are the Dirac matrices which satisfy the closure relation of the Clifford algebra
where 1 is the unity matrix of the algebra. This algebra must be valid for the effective metricĝ µν and the background one as well. Using the Pauli-Kofink identity for an arbitrary element Q of the Clifford algebra
the following relations are easily derived
where we have denoted X 2 ≡ η µν X µ X ν for the vectorial objects. The Dynamical Bridge method consists in writing the term Σ µν of the curved space-time metric (4) in terms of the dynamical field, which is given by the spinor Ψ in the present work. The simplest way to do this is to set
where H µ . = J µ + ǫI µ is a linear combination of the currents, ǫ is an arbitrary constant and α is an arbitrary function of the scalars A and B. The factor 2 is conventional. Eqs. (6) and (7) leads to the following identities
and
Finally, using the relationĝ µνĝ νλ = δ µ λ , the metric tensor and its inverse can be written aŝ
From now on, we make use of the tetrad formalism [12] (or vierbeins), in order to perform the Dynamical Bridge by changing the tangent (spinor) space and the physical space-time simultaneously. This allows to simplify the calculations since we are dealing with spinors in curved background. The Lagrangian and the dynamical equations for Ψ must then be invariant not only under diffeomorphisms, but also under local Lorentz transformations acting on the tangent space.
Let us now rewrite the objects defined previously in terms of the tetrads. We define two tetrad bases e µ A andê µ A which relate the tangent space provided with the metric η AB to the physical spaces endowed with the two metrics η µν andĝ µν . The two bases satisfy the following relationŝ
The Greek indices refer to the physical spaces and are lowered and raised by the corresponding metric (η µν orĝ µν ). The capital Latin indices refer to the tangent space and are lowered and raised by η
in the tangent space. In particular, for the Dirac matrices we assume that
where γ A 's are the constant Dirac matrices. Note that the Dirac matricesγ µ also verify the closure relation of the Clifford algebra but the one related to the effective curved space
For consistency with Eqs. (10), the two tetrad bases must obey the condition
and, using Eqs. (10) and (11), we have the constraint α = 2β/(2 + βH 2 ). Therefore, the inverse tetrad bases are related according withê
That is all we need about spinor fields in curved spaces and tetrad formalism in order to construct the bridge between the dynamics. Next section we shall focus on the map itself.
III. DYNAMICAL BRIDGE FOR SPINOR FIELDS: FROM DIRAC TO A NONLINEAR DYNAMICS
Now we describe how the Dynamical Bridge works for spinor fields. As mentioned before, we start with the linear Dirac equation in an effective curved background, then we expand the formulas to reach a new and different, though mathematically equivalent, dynamics in the Minkowski background. The resulting equation is a generalization of the NJL dynamics.
In the effective curved geometry given by (10), the Dirac equation for the spinor field 1 reads
where∇ ≡ ∂ µ −Γ µ and the Fock-Ivanenko connectionΓ µ is given bŷ
Note that a comma means partial derivative,Γ ρ αµ is the Christoffel symbol constructed withĝ µν and the squared brackets represent the commutator operator. Introducing the tetrads allows to rewrite the Fock-Ivanenko connection (17) asΓ
whereγ ABC is called spin connection and
It is easy to see thatĈ ABC = −Ĉ ACB and, consequently,γ ABC = −γ BAC . To go further we use the relation (14) to expand (19), as followŝ
whereḢ A holds for H A,B H B . Thus, we compute the spin connection
The Dirac equation (16) reads
To proceed we need to compute the expressionγ BCA γ A γ B γ C . This turns out to contain only two non-vanishing terms 2 , which arê 
Therefore, the spinor field equation (16) written in the curved space without any gravitational character, becomes the following equation in the flat space
This is a nonlinear dynamical equation for the spinor field in the Minkowski space. The terms originated from the effective curved space connection are interpreted as self-interacting terms. As it is, this equation does not fit any known nonlinear dynamics for spinor fields [9] . Nonetheless more simplifications can be applied and some remarkable results emerge when we examine closely the coupling parameter β and look for particular solutions.
IV. BREAKING CHIRAL SYMMETRY WITHOUT MASS
In the standard model of particles, the neutrino is represented by a massless spinor field. It means that the results of the Dynamical Bridge developed above are particularly applicable for the scenarios where this particle is involved. In this vein, let us remark that in the Lagrangian of the standard model, the right-handed neutrinos are not present since weak interactions couple only to the left-handed neutrinos and due to the symmetries of the model a mass term for neutrinos is not allowed. Yet the 1998's experiment, Super-Kamiokande, and various other independent and different experiments have detected the family oscillation of this particle [14] . However, from the minimal coupling principle applied to Minkowski space, this can be explained if the neutrinos are lightly massive, breaking the chiral symmetry. But a fundamental question raises: where are the not yet observed right-handed neutrinos? Nowadays, there are two possible ways to answer this question: either they just do not exist and then massive neutrinos are of Majorana type, which is not really satisfactory; or, they exist but do not interact weakly. We should also remark that due to the mixing of chiralities caused by the mass term, it was led to assume that right-handed neutrinos are heavy enough in order to hide them from observations. Then, the chiral symmetry is broken "by hand" and it does not really explain why such neutrinos are so massive. Several experiments have unsuccessfully tried direct or indirect detection of such neutrinos, as one can see in [15, 16] and references therein.
Notwithstanding, this work provides a third possible explanation for the chiral symmetry breaking according to a geometrical viewpoint. Indeed, in the regimeβ ≫ β the Eq. (26) reduces to
Substituting the expression for H µ γ µ Ψ from Eq. (9), we obtain
This equation is very similar to the NJL equation for a spinor field propagating in Minkowski space-time. This means that the nonlinear self-interacting term can be interpreted as a modification of the space-time structure. Up to this point, our method seems to present two equivalent dynamical equations though written in two different spaces. But there is a "hidden" property that appears in the flat case when we decompose the spinor Ψ into its two opposite chiralities. That is
where Ψ L and Ψ R are components of the spinor field representing the left and the right-handed chiralities. Therefore, Eq (28) splits into two distinct parts
From these equations, it follows the remarkable result: each chiral component Ψ L and Ψ R satisfies a different dynamical equation in the Minkowski space. The left-handed component propagates as a free Dirac field when the right-handed component is trapped by the self-interacting term. If the coupling parameterβ is sufficiently large, the right-handed component needs very high energies to be detected. This leads to a new and geometrical explanation for the non observation of the right-handed neutrinos.
V. CONCLUDING REMARKS
This paper completes a sequence of works dealing with the Dynamical Bridge, a mathematical equivalence between different dynamical equations of a given field (scalar, vector and now spinor) defined in different space-times. In particular, we have shown that a massless spinor field satisfying the linear Dirac equation defined in a curved geometry is equivalent to the same spinor field in the Minkowski space with its right-handed component satisfying a modified NJL equation and the left-handed component still satisfying the massless Dirac equation. If the coupling parameter is sufficiently large, the right-handed component needs very high energies to be detected. This leads to a new and geometrical explanation for the non observation of the right-handed neutrinos.
It is important to notice that the set of solutions of Eq. (26) is not empty. We have at least one special and interesting class of Ψ's provided by the Inomata [13] condition Ψ ,µ = −(1/2)βH µ Ψ which satisfies this equation. Moreover, this class satisfies also Eq. (27) and then leads to chiral symmetry breaking for all regimes of β, resulting in an explicit solution.
In the case of massive fermions, we expect that each fermion possesses a characteristic energy scale in which this nonlinear coupling is relevant, i.e., β = β(m) where m is the mass. Thus, this kind of self-interaction does not appear at low energies and the chiral symmetry should be broken by the mass term. On the other hand, the standard model takes into account self-interaction only as quantum corrections. Then, it should be carefully examined if quantum corrections could model such generalized NJL self-interaction and if it would be distinguished from our proposal. Nowadays there are only phenomenological properties about the right-handed neutrinos [15] and no observation has been successful. The attempt to introduce specific values to this model is postponed to a more experimental work.
Note that, as a drawback, there is no conservation of the probability current of the spinor field obtained in the Minkowski space through the Dynamical Bridge. This can be explained by two different ways: the spinor field perturbations propagate along geodesics in the curved space but not in Minkowski space; this case is then equivalent to the scalar one [2] . The second possible explanation states that the chiral symmetry breaking does also break the unitarity of the Dirac theory. To avoid this difficulty, another proposal is possible by changing the form of the curved geometry. Instead of Eq. (1), if we consider an effective metric of the form
where α 1 = 1 and α 2 are initially two arbitrary and independent functions of the scalars A and B. The current is now conserved in both the effective curved and flat spaces provided α 1 = α 1 (α 2 ); that is only one parameter is free. However, preliminary attempts indicate that the dynamics in this case is no longer given by the NJL models. So, this would deviate from our original proposal and should be discussed in a future work.
